1.
Introduction. An Einstein space is defined as a Riemann space for which
We assume the first fundamental form (2) ds 2 = g a^d x a dx^ to be non-singular, but do not restrict ourselves to the positive definite case. An n+1 dimensional space is said to be flat when its first fundamental form can be reduced tof n+1 (3) ds* = S Ci{dx*)\ t=l where the d are definitely plus one or minus one. An n dimensional Riemann space which is not flat is said to be of class one if it can be imbedded in an n + 1 dimensional flat space. The purpose of this paper is to determine necessary and sufficient conditions that an Einstein space be of class one. There is no problem when n = 2, for then every space which * Presented to the Society, September 3, 1936. f Throughout this paper Latin indices will have the range 1 to n + 1 ; Greek indices the range 1 to n.
is not flat is of class one. Neither need we consider the case n -3, for then every Einstein space is a space of constant curvature and consequently is of class one unless it is flat.* It has further been shown that there can exist no Einstein space with a positive definite form (2) which is of class one and for which i? = 0.f There may, however, exist spaces of class one with R = 0 when the form (2) is indefinite. Brinkmann J has shown that this property is enjoyed for n = 4 by a space with the first fundamental form
where ƒ(#, 0) is any function possessing continuous first and second derivatives. In this paper we consider the case where n>3 and i?^0, thus leaving open the case where R = 0 and the form (2) is indefinite. Our procedure will consist of reducing the problem to a purely algebraic one by means of a recent theorem of T. Y. Thomas ; § and then the algebraic problem is solved by straightforward elimination methods.
2. Riemann Spaces of Class One. Before discussing Einstein spaces, let us recall the general theory of a Riemann space of class one. Let U be a simply connected neighborhood of the n dimensional arithmetic number space. A Riemann space will be called an R% in U if the coefficients of the first fundamental form (2) are functions of class C 2 for x c U and the components of the Riemann curvature tensor are of class C 1 for x c U. An R2 is said to be imbedded in the n+1 dimensional flat space whose metric is given by (3) Suppose now that we are given a Riemann space whose first fundamental form is of signature s> and the coefficients of whose second fundamental form satisfy (6) and (7) for a particular value of e. We seek to determine the signature of the flat space in which it can be imbedded. So we choose a coordinate system such that at the initial point, P, g a /3 = 0 for a^ft g aa = +1 for a = l, The signature of the flat space so determined is thus s+e. The usual argument* shows that this signature is the same for all sets of solutions of (5).
3. Einstein Spaces of Class One. We now pass to the consideration of Einstein spaces and suppose that we are given an Einstein space of class one which is furthermore an R2 in U. Then there exist real functions b a p(x) of class C 1 and a value of e which satisfy (6). In order to solve (6) for the b a p(x), we observe that from (6) we have
Multiplying (8) by g aff g* p , summing, and using (1), we find that is semi-definite of rank one in U, where (yr) indicates the row and (j3/z) the column. We call this property condition A. Interchanging r and ju in (9), subtracting the result from (9), and using (6), we find that, for every point in U,
R{2 -n)
* See, for example, Duschek-Mayer, Lehrbuch der Differ entialgeometrie, 1930, vol. 2, p. 26. We call this condition B, thus having proved that conditions A and B are necessary that the given space be of class one.
To show that they are sufficient, suppose an Einstein space (R^O) is given which satisfies A and B and which is also an R 2 in U. Since M is semi-definite of rank one in U, we know that at any point P c U there exist a unique determination of e and real values of b a B which are unique to within algebraic sign, such that (9) is satisfied. At least one of these, say &$,, is not zero at P, and its value is given by
where D^^^O at P and e is chosen such that b^v is real. The values of the b^ for other sets of indices may be obtained from
Since D^^ is of class C 1 in U, there exists a neighborhood V(P) such that P c V(P) c U within which D^^^O and b^^O. Since the other D^^ are also of class C 1 in Z7, it follows that for each choice of the sign in (12), equations (12) and (13) define a constant value of e and a set of real b a p(x) which are of class C 1 in V(P). It is clear that the choice of sign throughout V(P) is determined by its value at any point. These b a &(oc) and e satisfy (9) by their very definition, and since (11) is satisfied in U by hypothesis, they also satisfy (6) in V(P). Now consider a point Q c VÇP) c V(P'), where P and P' are distinct points. By the above procedure define a definite set of bap(Q) and a value of e, say e(Q), at Q, when Q is considered as an element of V(P). Another set, e aj s(0) and e'(Q), are defined when Q is considered as an element of V(P f ). But since the value of e is unique at any point and is constant in any V neighborhood, it follows that e is constant throughout V(P) + V(P f ). And since the possible values of b a p at any point are unique to within algebraic sign, it is clear that the sign to be chosen in (12) for VÇP') can be taken such that bap(Q)=bap(Q). Since b a p(x) and baa(x) are of class C 1 in V(P) and V(P') f respectively, it follows that bafi(x)=b'ap(x) throughout V(P) fl V{P'). Thus we have defined a solution of (6) which is of class C 1 in V(P) + V(P').
